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Steady flows of gas and particles in unbounded-fluidized beds have been shown to
lose stability to localized voidage disturbances. An insight is provided into the linear
stability of bounded gas-particle flows using a kinetic theory approach. The stability
analysis is carried out for two illustrative sets corresponding to fluidized systems hav-
ing walls acting as sinks and sources of fluctuation energy. Instabilities are character-
ized by computing leading eigenvalue profiles and dominant eigenfunction contour
maps. Results show two types of dominant instability patterns (symmetric and antisym-
metric) for flow in a vertical duct, both of which propagate through the bed in the
form of traveling waves at speeds comparable to that of the solid phase. Moreover,
model predictions show that increasing solids fraction and decreasing particle inelas-
ticity will suppress the wavy disturbance. The physical mechanism of instability forma-
tion is further investigated using a term-by-term method of analysis. Results show that
instability modes can be suppressed if solid phase inertia or inelastic particle colli-
sions are eliminated from the momentum and pseudo-thermal energy balance equa-
tions. Finally, the symmetric instabilities were shown to develop into bubble-like struc-
tures while the antisymmetric instabilities develop into streamer-like structures. � 2007
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Introduction

Gas-fluidized beds are used extensively in chemical, petro-
chemical and pharmaceutical industries. Although some gas-
particle-fluidized beds can present a smooth appearance,
expanding progressively at flow rates well beyond the mini-
mum fluidization velocity, most gas-particle systems are
unstable to low-amplitude disturbances and develop nonuni-
form-particle distributions in the form of voidage waves.

Such nonuniformities can become amplified in the bed to
form fully developed bubbles (in dense fluidized beds),1 clus-
ters and streamers (in dilute fluidized beds)2–4 and slugs (in
narrow fluidized beds).1 Although the presence of voidage or
density waves are known to dramatically impact process
safety and economics (by affecting heat and mass transfer
rates), the underlying physical mechanisms responsible for
unstable-flow behavior are still not fully understood.

Using continuum mechanics, volume- or ensemble-aver-
aged equations of mass and motion have been postulated to
describe the flow of the fluid and particle phases in fluidized
beds.5 It is common to derive the constitutive relations for
the solid phase momentum equation from the kinetic theory
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of dense gases.6–9 The main difference between molecular
gases and granular particles is that energy is lost due to colli-
sions between particles, while this is not true for molecular-
gas collisions.

For unbounded gas-particle flows, the simplest solution to
the governing equations of motion represents the steady state
of uniform fluidization. In order to predict the growth of dis-
turbances from the steady base state, conventional methods
of hydrodynamic stability analysis have been applied.10–17

The earliest stability analysis from the work of Jackson14

predicted that uniform-fluidized beds are inherently unstable,
and that such instabilities are in the form of plane waves,
which propagate vertically upward through the bed. Al-
though linear theory can account for the existence of travel-
ing waves in gas-fluidized beds, it can only capture phenom-
ena occurring in close proximity to the marginal stability
point. Therefore, it is not capable of predicting the ultimate
fate of the instability. In order to better understand the origin
of the bubbly-flow regime, the nonlinear terms in the equa-
tions of motion have been taken into account in one-dimen-
sional (1-D) fluidized beds.18–21 Results of nonlinear analy-
ses have shown that low-amplitude disturbances can become
amplified in the bed to form fully-developed 1-D traveling
waves.21

Bifurcation theory has also been used to investigate the
behavior of traveling waveforms in fluidized beds.22–26 Using
bifurcation analysis and a numerical continuation approach,
Glasser et al.22,25 demonstrated that 1-D traveling wave solu-
tions bifurcating from the uniform base state are unstable in
the transverse direction, and that this can lead to the forma-
tion of bubble-like structures. It was later established by
these same authors that bubbles and clusters belong to the
same family of nonuniform traveling wave solutions.26

Anderson and Jackson were the first to attempt to experi-
mentally measure the properties of growing waves.27 More
systematic studies were, subsequently, carried out by El-
Kaissy and Homsy.28 These researchers observed from a uni-
form fluidization state the exponential growth of 1-D wave
trains in the vertical direction at distances well above the dis-
tributor plate. Moreover, secondary instabilities generated
from the breakdown of the primary wave train were also
observed when the amplitude of the primary wave was suffi-
ciently large. The fact that the 1-D vertical wave train is
unstable to transverse structures under certain conditions was
conjectured to reveal the origin of bubbling behavior.

It is important to note that in the literature, theoretical
studies involving stability analyses of gas-fluidized beds have
been restricted to unbounded systems, where the steady-state
solution describes a spatially uniform fluidization state. In
bounded gas-particle flows, however, particles will normally
segregate.29–31 Clearly then, the flow characteristics of the
base state, for example., pressure gradient and interstitial gas
and particle velocity profiles, will depend on a nonuniform-
particle distribution. A number of theoretical studies have
been conducted in the past 20 years to analyze the steady-
state solutions describing fully developed gas-particle flows
in a vertical tube using kinetic theory to describe the aver-
aged quantities in the solid phase.32–35 These continuum
models predict a variety of flow behaviors occurring in risers
and standpipes, including packed beds, uniformly-fluidized
beds, choking, flooding and the existence of multiple steady-

states. However, it is not clear whether these nonuniform
steady-state flow profiles can be observed in real fluidized-
bed operations. Thus, a further investigation of the hydrody-
namic stability of these nonuniform systems is required.

A long term goal of this research is to perform a full
bifurcation and stability analysis of gas-fluidized beds. To
that end, a linear stability analysis of the steady-state solution
is first carried out to examine whether or not the base state is
stable, and if unstable, what nonuniform instability structures
can arise. Although a direct integration of the volume-aver-
aged equations of motion can predict time-dependent flow
behavior in the bed, this approach cannot capture important
stability features or determine the nature of instabilities gen-
erated from the base state. It is this behavior that is of partic-
ular interest for developing a better understanding of gas-par-
ticle flows.

While the ultimate behavior of the bed is known to be
governed by nonlinear dynamics, an understanding of the
effect of the linear terms (on instability behavior) will most
likely offer insight into the effect of the nonlinear terms for
both short term and long term durations. In a linear stability
study conducted by Wang et al.36 involving fully developed
rapid flow of a granular material in a channel, it was shown
that when the base state was unstable, the fastest growing
modes are traveling waves propagating in the vertical direc-
tion. Wang et al.37 later studied the transient development of
linear instability waves for granular flows in a channel. For
the short term, they found the temporal development of gran-
ular flow is dominated by the linear instability, and, in some
cases, the linear terms continue to dominate flow develop-
ment for the long term.

In this work, we first seek steady-state solutions to the
governing equations of continuity and motion describing a
gas-fluidized bed, which is bounded by walls, using closures
adopted from kinetic theory. The stability of the base state
is, subsequently, examined using classical methods of linear
stability theory to examine the nature of instabilities, the
structure of unstable waveforms (for example, bubbles,
streamers and slugs), and the effect of various physical pa-
rameters on instability formation. Results provide an explana-
tion of experimentally observed flow features, which are
associated with fluctuation behavior in gas-particle fluidized
beds, and test the feasibility of using a kinetic theory
approach for providing closures.

Governing Equations and Numerical Method

A continuum model is used to simulate gas-particle flow
in a channel, where gas flows vertically upward through a
bed of packed particles until the gas velocity is sufficient to
suspend the particles in the fluid phase. This occurs at some
minimum fluidization velocity when the drag force over-
comes the gravitational weight of the particles corrected for
buoyancy.

The continuity and momentum balance equations for the
gas and solids phases are used in this study. They take the
following form from the work of Anderson and Jackson10

qf
qt

þr � ðfvÞ ¼ 0 ð1Þ
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qð1� fÞ
qt

þr � ½ð1� fÞu� ¼ 0 (2)

rsf
�
qv
qt

þ v � rv

�
¼ �r � ss � fr � sf þ f þ frsg (3)

rf ð1� fÞ
�
qu
qt

þ u � ru

�
¼ �ð1� fÞr � sf � f þ ð1� fÞrf g

(4)

Here, f denotes the locally averaged-volume fraction of par-
ticles; v and u denote the locally averaged velocities of the
solid and gas phases, respectively; rs and rf are the respec-
tive densities of the solid and gas phases; g is the gravity
force vector pointing in the negative vertical direction (�x);
f is the force per unit volume exerted by the gas on the par-
ticles; ss and sf are the effective stress tensors for the solid

and gas phases, respectively. Since the density of the gas
phase is much smaller than the solid phase, the contribution
of the force of virtual mass is neglected in this study. In ki-
netic theory, the solid-phase stress depends on the granular
temperature. Therefore, an equation representing the balance
of pseudo-thermal energy (PTE) is required4

qð3
2
rsfTÞ
qt

þr�
�
3

2
rsfTv

�
¼�r� q�ðss :rvÞ� Jcoll� Jvis

(5)

where T denotes the granular temperature, which is propor-
tional to the mean square of particle-fluctuation velocity. The
two terms on the lefthand side represent the rate of accumu-
lation and the rate of transport of PTE. On the righthand
side, the divergence of the granular energy flux r � q, repre-
sents the diffusive transport of PTE, and ðss :rvÞ represents
the rate of production of PTE by particle-particle shear. Jcoll
denotes the rate of dissipation of PTE through inelastic colli-
sions, and Jvis denotes viscous damping and the production
of PTE by gas-particle slip. The constitutive relations for,
ss; sf ; f ; q; Jcoll and Jvis are those adopted by Liu and

Glasser.35 Boundary conditions for particulate and gas-parti-
cle flows have been investigated in a number of articles.38–41

The boundary conditions used in this work for the gas phase
and solid-phase momentum balance and pseudo-thermal
energy balance are discussed by Liu and Glasser.35

In the absence of walls, the equations of motion have a so-
lution representing a uniformly fluidized bed, where (upon
average), particles are suspended in the fluidization state and
particle distribution and bed composition is homogeneous
throughout. With walls, the base state of the gas-particle
flow is not uniform. Instead, segregation of particles can be
observed. For steady, fully-developed flows all fluid dynam-
ics variables are functions of the lateral (y) direction, and the
two-phase continuity Eqs. 1 and 2 are identically satisfied.
Using rs, vt (particle-terminal velocity), D (half of the bed
width), and D/vt, mg (pure-gas viscosity) as the characteristic
density, velocity, length, time and gas-phase viscosity,
respectively, the 2-D momentum and pseudo-thermal energy
Eqs. 3, 4 and 5, and boundary conditions can be cast in the
dimensionless form35. The steady-state solutions are obtained
using two numerical schemes to verify correctness: an or-

thogonal collocation approach42 and a second-order finite dif-
ference method. In this work, the results are presented in
dimensionless form

u�x ¼
ux
vt

v�x ¼
vx
vt

T� ¼ T

v2t
D ¼ D

d

E ¼ rg
rs

x� ¼ x

D
y� ¼ y

D

The linear stability of the base state is examined by impos-
ing a perturbation on the steady-state solution in the form of
a localized periodic disturbance. The governing equations
and boundary conditions are then expanded in ascending
powers of the perturbations through a Taylor series expan-
sion of the nonlinear terms. Since the disturbances are
assumed to be both small and smoothly varying in space and
time, their derivatives are also small. Therefore, all terms of
degree greater than one in the perturbations are neglected.
Perturbations are assumed to take the form of a plane wave
disturbance. For example, the steady-state solution for vol-
ume fraction (f0) is augmented with a perturbation in solids
fraction, f1, in the form of a plane wave disturbance

f1 ¼ f̂1 expðst�Þ expðK � X�Þ (6)

f̂1 is the complex amplitude, which is a function of the lat-
eral space. In this expression, X* represents the dimension-
less position vector X* ¼ (x*, y*, z*), and the dimensionless
wave-number vector of the plane wave disturbance is K ¼
(kx, ky, kz). For a 2-D disturbance in a bounded gas-particle
fluidized bed, exp(K � X*) can be written as exp(kxx*), where
kx represents the dimensionless wave number in the vertical
direction, and the disturbance in the lateral direction comes
from f̂1. In general, the eigenvalue s is a complex number
which may be written as s ¼ x � io. The imaginary part o
then determines v*p, the dimensionless velocity of propagation
of the waves, according to v*p ¼ o/kx, while the real part x,
or growth rate, determines the rate of growth, or decay of
the waves with time depending on its signage. That is, if x is
positive, the disturbance grows in time, and the base state is

unstable, and if x is negative, the disturbance decays and the

base state is stable. The growth distance, Dx*, can be defined

by Dx* ¼ o/(x kx).
Linearization results in a set of ordinary differential equations

(ODE’s) written in terms of perturbation variables.43 Since no
boundary conditions exist for f and Pf, a staggered grid spec-
tral collocation scheme is employed. The continuity equations
are collocated at points lying between the collocation points for
the momentum and energy equations. This reduces the number
of unknowns by two. The ODE’s are then discretized leading
to a matrix eigenvalue problem, which takes the form

AZ ¼ sBZ (7)

where Z is an array representing the unknowns. Since bound-
ary conditions do not contain the eigenvalue s, and the coef-
ficients of s in the gas-phase continuity can be eliminated
using those in the solid-phase continuity equations, B is a
singular matrix. This singularity can be removed by row and
column operations. The resulting eigenvalue problem is
solved using Matlab 6.5.43

AIChE Journal April 2007 Vol. 53, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 813



The accuracy of the numerical scheme is ascertained by
increasing the number of collocation points until the leading
eigenvalue converges to a value independent of the variation
in number of collocation points. Computational results show
that the larger the value of kx, the larger the number of collo-
cation points required for convergence. To ensure accuracy,
our simulation code was favorably compared with published
results from the literature.44 A comparison with experimental
work was also carried out by investigating the stability of
unbounded-fluidized beds with a uniform steady-state, using
Eqs. 1–5. We found the dominant instability from the uni-
form state is a vertical traveling wave, which propagates
faster than the superficial gas velocity.43 This is in agreement
with experimental measurements.27,28

The physical parameters used in this article are shown in
Table 1. In this work we mainly focus on the effect of mean-
solids fraction, particle-particle restitution coefficient, and
particle-wall restitution coefficient, while holding other pa-
rameters constant. We have also investigated the effect of
changing the specularity coefficient, and found that the
steady-state solutions and instability modes are insensitive to
this parameter. We have also doubled the density ratio, and
ratio of bed width to particle diameter (relative to the values
in Table 1), and observed no qualitative difference in the
instability patterns.

Results and Discussion

This work focuses on gaining a better understanding of the
effect of walls on unstable-flow behavior in gas-particle sys-
tems, having spatially nonuniform steady-states. In our
model, two parameters are used to describe the wall proper-
ties. One is the coefficient of particle-wall restitution (ew),
and the other is the specularity coefficient. We start by inves-
tigating the effect of the coefficient of particle-wall restitu-
tion, since it is known that inelasticity has a significant effect
on system instability.37 Wang et al.36,45 reported that the
presence of walls in granular flow within a channel could
serve as either a source or a sink of fluctuation energy
depending on the value of ew and ep. The coefficient of parti-
cle-particle restitution (ep) quantifies the inelasticity of parti-
cle-particle collisions. ep and ew ranges from zero (perfectly
ineleastic) to one (perfectly elastic). In particular, for flow
conditions where ew < ep, the wall serves as a sink of fluctu-
ation energy, that is, the gradient in granular temperature is
negative toward the walls. For conditions where ep < ew, the
wall serves as a source of fluctuation energy, that is, there
exists a flux of pseudo-thermal energy from the walls to the
particle assembly.36

Base-state profiles of solids-volume fraction (f), (dimen-
sionless) granular temperature (T*), and (dimensionless) gas
and particle velocities (u* and v*) for the source and sink-
wall conditions are shown in Figures 1 and 2, respectively,
for cocurrent upflow. To better investigate the effect of wall
properties, the value of ep is held constant at 0.96, and the

Table 1. Basic simulation parameters

d Particle diameter 500 mm
mg Viscosity of gas 0.00004 kg/(ms)
fmax Maximum solid volume fraction 0.65
rg Gas density 3 kg/m3

rs Solid density 2000 kg/m3

g Gravitational acceleration 9.81 N/kg
2D/d Ratio of bed width to particle diameter 60
j0 Specularity coefficient 0.6

Figure 1. Steady-state profiles for the source-wall con-
dition, ep = 0.96, ew = 0.98.

(a) solids fraction, (b) granular temperature, (c) gas veloc-
ity, and (d) solids velocity.
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value of ew is varied from 0.6 for the sink-wall condition to
0.98 for the source-wall condition. When the wall is a source
of fluctuation energy, we see in Figure 1a that f monotoni-
cally decreases when moving away from the center toward
the walls, and that this corresponds to an increase in granular

temperature T* (see Figure 1b). An inverse relationship
between f and T* is predicted by Eq. 3, which requires the
solid concentration be small in regions where the granular
temperature is large, and vice versa. If the average solids
fraction is high enough, a plug flow can be observed where
f ¼ fmax (maximum solids fraction fmax ¼ 0.65) at the cen-
ter. Variations in u* and v*, for the source-wall condition are
shown in Figure 1c and d, respectively. In Figure 1d, v*
reaches a maximum value in the center, and monotonously
decreases toward the wall. In Figure 1c, u* is shown to ini-
tially increase as one moves away from center, and then
passes through a maximum value corresponding to high-val-
ues in the granular-temperature profile. As the wall is
approached, u* is shown to rapidly decrease. The relationship
between the granular temperature and the superficial-gas ve-
locity predicted, using this model has been observed in
experiments.46,47

In Figure 2a we see that the solids-volume fraction profile
for the wall sink condition is very similar to the source wall
case in Figure 1a, except in the region very near the wall
where a slight increase in f is observed. This can be
explained by the fact that the granular temperature decreases
close to the walls in this case. T* is shown to increase away
from the center, passes through a maximum, and finally
decreases rapidly near the walls. Profiles of v* and u* are
very similar to the source-wall case, except that the maxi-
mum value of u* is more pronounced under the source con-
dition (Figure 1c) than the sink condition (Figure 2c), due
to higher values of T* near the walls (see Figure 1b vs.
Figure 2b).

We have shown that profiles of solids-volume fraction are
very similar for both sink and source-wall cases in Figures 1a
and 2a with the exception of the region adjacent to the walls.
Hence, ew plays only a minor role within the range of 0.6 to
0.98 as shown. However, the similarity in profile is strongly
dependent on the value of ep. We find for ep very close to 1,
profiles for f and T* differ qualitatively and quantitatively,
as one approaches the wall (not shown). For the sink-wall
condition (ew ¼ 0.6), and a value of ep of 0.99, the increase
in f near the walls becomes so pronounced that the solids
fraction at the walls is almost as large as that at the center.
This is unlike the source-wall case (ew ¼ 0.99, ep ¼ 0.99),
where particle concentration monotonically decreases from
the center to the walls. Hence, particle concentration at the
center is much higher under the source-wall condition than
the sink-wall condition.

Computational results from previous work have led
researchers to propose that for ep & 1, particles are seques-
tered near the walls leaving the core of the reactor occupied
by a dilute region with high-gas flow rate.32–34 This ‘‘Core-
Annular’’ flow structure in gas-particle fluidized beds has
been discussed in many articles and widely reported in the
experimental literature.29,48–50 It is clear that for a fixed
value of ew the flow structure may transition from a ‘‘Core-
Annular’’ structure to segregation of particles to the center
for values of ep < 1, and that this transition is very sensitive
to ep when its value is close to 1. With a further decrease in
ep, it was shown that flow profiles are no longer sensitive to
ep.

35 If both ep and ew are assumed equal to 1, a solution
with a uniform solids fraction will be obtained from the sim-
ulations.

Figure 2. Steady-state profiles for the sink-wall condi-
tion, ep = 0.96, ew = 0.6.

(a) solids fraction, (b) granular temperature, (c) gas veloc-
ity, and (d) solids velocity.
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When ew is small, the walls act as an energy sink for
fluctuation energy. Under these conditions, the stability
structure map in the �f � ep plane (average solids-volume
fraction — coefficient of restitution) is shown in Figure 3.
In this work, the eigenvalue s having maximum positive
growth rate, x, at a vertical wave number kx is referred to
as the leading eigenvalue, and s having maximum x for all
kx, is referred as the dominant eigenvalue. Within the physi-
cal parameter space, the stability analysis shows the domi-
nant mode in the �f � ep plane has three types of struc-
tures: stable patterns; symmetric unstable patterns, and anti-
symmetric unstable patterns.

The upper curve in Figure 3 represents the boundary
between the stable and unstable regions. We can see in this
figure that there is a monotonic increase in the region of sta-
bility at increased values of ep, as well as increased average
solids-volume fraction, �f. Recall that the base-state transi-
tions from a ‘‘Core-Annular’’ to a ‘‘Core-Segregation’’ struc-
ture when the value of ep decreases from 1. From a physical
standpoint, this contour map suggests gas-fluidized beds are
more easily stabilized under densely packed conditions (that
is, for �f & fmax), or when particle-particle collisions are
highly elastic (that is, ep & 1), such that the bed acquires a
‘‘Core-Annular’’ structure.

As shown in Figure 3, as �f decreases in the unstable
region, the dominant instability mode transitions from a
symmetric to antisymmetric structure. In order to better
understand the sensitivity of mode transition to particle
packing, three (�f, ep) points were selected in the unstable
region of Figure 3: (0.1,0.96); (0.15,0.96); (0.2,0.96). The
profiles of (dimensionless) growth rates (of the leading
eigenvalues), and their corresponding (dimensionless) phase
velocities are plotted in Figure 4. As illustrated in Figure
4a, growth rate, x, has two branches, which cross at a kx
value located at the point labeled I. At this point, there is a
corresponding step change in the phase-velocity profile as
shown in Figure 4b. The first branch labeled S in Figure 4a
represents all symmetric mode structures, and the second
branch labeled A represents all antisymmetric structures.
Figure 4a shows that the maximum growth rates of both
symmetric and antisymmetric branches increase with a
decrease in the solids fraction. When �f is equal to 0.2, the
maximum growth rate of the dominant eigenvalue is 0.121

for the symmetric structure at kx ¼ 0.5, and the maximum
growth rate of the antisymmetric branch is �0.017 at kx ¼
2.5. Since the maximum growth rate of the second branch
is negative, the system is stable to the antisymmetric distur-
bances. When �f decreases to 0.15, the maximum growth
rates of the symmetric and antisymmetric branches increase
to 0.180 and 0.181 at kx ¼ 0.65 and 2.5, respectively, indi-
cating that the growth of the antisymmetric perturbations is
much faster than the symmetric perturbations with a
decrease in �f. In this case, the system is equally unstable
to the symmetric and antisymmetric disturbances. With a
decrease in �f to 0.1, the dominant mode transitions to the
antisymmetric pattern, where the maximum growth rate of
the dominant eigenvalue is 0.386 at kx ¼ 2.5. The profiles
of the phase velocities corresponding to the leading eigen-
values are shown in Figure 4b. The phase velocity changes
very slowly and smoothly with respect to kx provided a
mode transition is not observed in the corresponding eigen-
value profile. Note that as �f decreases from 0.2 to 0.1, the
phase velocity corresponding to the maximum growth rate
in the symmetric branch increases from 10.72 to 11.60,
while phase velocity (corresponding to maximum growth
rate) for the antisymmetric branch increases from 9.57 to
9.92. Moreover, the magnitude of the phase velocities of
the disturbances are slightly greater than the solid-phase
velocities v*, shown in velocity profiles (Figure 2d) at kx
values corresponding to maximum growth rates, but signifi-

Figure 3. Contours of the instability patterns of the
dominant eigenvalues in the ep – / plane.

Figure 4. Variations of the growth rate of the leading
mode and its phase velocity with kx (ep =
0.96, ew = 0.6), .......... / = 0.1, ——— / = 0.15,
----- / ¼ 0.2.

(a) growth rate, and (b) phase velocity.
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cantly less than gas-phase velocities, u*, (shown in Figure
2c profiles). These results suggest that the propagation of
the disturbance waves is primarily dominated by the solids
phase. The similarity in magnitude of v*, and the disturb-
ance-phase velocity was also observed in granular flow.
Wang et al.36 reported that eigenmodes in granular flow
within a channel are traveling waves, which move with a
speed comparable to, but slightly greater than, that of the
granular material itself.

The eigenfunctions corresponding to the dominant eigen-
values are plotted in Figures 5 and 6 for average solids-
volume fractions �f ¼ 0.2 and 0.1, respectively. Eigenfunc-
tions associated with solids-volume fractions are plotted in
Figures 5a and 6a, and eigenfunctions associated with solids-

phase velocity are plotted in Figures 5b and 6b. In all fig-
ures, the eigenfunctions are plotted as spatial variations over
one periodic cell of height 2p/kx. In both cases for �f, ep and
ew are set at 0.96 and 0.6, respectively. For the denser of the
two cases examined, (�f ¼ 0.2), Figure 5a shows that the
dominant mode has the form of symmetrical structures where
particle-density patterns are symmetric about the centerline
of the channel (y* ¼ 0). This means that traveling waves
propagate upward through the column with alternating layers
of dense and dilute regions. The eigenfunctions associated
with the solid-phase velocity are shown in Figure 5b as a
vector plot. It can be seen that over one periodic cell, the ve-
locity profile vertically breaks down into two distinct regions
corresponding to the distribution of the alternating density
layers in Figure 5a. In particular, particle velocity has an
upward fluctuation in dense layers and a downward fluctua-
tion in dilute layers. Combining Figure 5a and b, we can

Figure 5. Eigenfunctions of the dominant mode with ep
= 0.96, ew ¼ 0.6 and / ¼ 0.2.

(a) Eigenfunctions associated with the solids fraction, and
(b) Eigenfunctions associated with the solids-phase velocity.
The eigenfunctions in this figure, and later figures are
shown in a square box.

Figure 6. Eigenfunctions of the dominant mode with ep
= 0.96, ew = 0.6 and / = 0.1.

(a) Eigenfunctions associated with solids fraction, and (b)
Eigenfunctions associated with solids-phase velocity.
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simply describe the motion of particles in gas-fluidized beds
with a symmetrical perturbation in the following way: when
the lower surface of the dense region becomes unstable, par-
ticles (within the solids-rich region) ‘‘rain’’ down to fill the
dilute region below. Once they pass through the dilute
region, they enter the upper surface of another solids rich
region. Hence, for any particle-dense region, particles are
lost from its lower surface and simultaneously collected on
its upper surface. It is this mechanism that leads to the prop-
agation of the density wave. A similar mechanism has been
proposed by Glasser et al.26 to explain the formation of bub-
bles and clusters in fluidized beds.

In the more dilute case (�f ¼ 0.1), the dominant mode
shown in Figure 6a has an antisymmetric structure with alter-
nating regions of high and low-densities positioned on either
side of the centerline. Although eigenfunctions associated
with the solids-phase velocity vectors in the vertical direction
(Figure 6b) appear similar to the symmetric case (where par-
ticles accelerate upward in dense regions and downward in
dilute regions), lateral fluctuation becomes important in the
antisymmetric structures, because the particle concentration
has a significant gradient across the centerline. This is not
the case for the symmetric structure as previously noted. As
a result of the vertical and lateral components, recirculation
loops are observed close to the centerline, where particles
migrate from a dense (dilute) to a dilute (dense) region.

It is clear that there exist two types of disturbance struc-
tures in the gas-fluidized system, and that the leading insta-
bility mode can transition from one to the other at some
value of kx. However, whether or not this transition is
smooth is still not known. To study the transition behavior,
contour maps of the leading mode eigenfunctions (associated
with solids fraction) are studied at several kx points for a spe-
cific case corresponding to �f ¼ 0.15 and ep ¼ 0.96. Under
these conditions, the unstable mode was shown to transition
at a value of the dimensionless vertical-wave number kx ¼
1.44. For kx < 1.44, the instability is dominated by a sym-
metric pattern, while the antisymmetric pattern dominates for
kx > 1.44. An examination of the eigenfunction plots just
before and immediately following the transition point, shows
a significant change in the nature of the instability structure.
This suggests the transition is not smooth and indicates the
two disturbance patterns develop independently with respect
to kx.

Another parameter we have considered in this work is
the coefficient of particle-particle restitution ep. In Figure 3,
it was previously shown that all observed instabilities are
driven by the inelastic nature of particle-particle collisions.
In particular, the perfectly elastic system (ep ¼ 1) is always
stable to small perturbations, and systems become less sta-
ble to small disturbances as ep decreases from a value of
one. It is interesting to note that for a range of �f values
from 0.10 to 0.15, the unstable modes have two transition
points with a decrease in ep; the first represents a transition
from a symmetric to antisymmetric structure; and the sec-
ond represents a reverse transition back to a symmetric pat-
tern (see Figure 3). To further investigate the origin of
these two transition points, growth rates and phase veloc-
ities of the disturbance are plotted as a function of wave
number, kx for solids-volume fraction �f ¼ 0.15 at various
values of ep in Figure 7. In Figure 7a, as ep decreases from

0.98 to 0.965, the instabilities in both branches are signifi-
cantly enhanced, and the leading eigenvalue in the antisym-
metric branch becomes larger than that in the symmetric
branch. Hence, there exists a transition from a symmetric to
antisymmetric pattern under these conditions. However, as
ep decreases beyond this point, that is, from 0.965 to 0.95,
the potential exists for the dominant instability mode to
transition back to the symmetric pattern since, within this
range of ep values, the growth of the leading eigenvalue in
the symmetric branch becomes larger than that of the anti-
symmetric branch. A comparison of Figures 4 and 7 shows
that with decreasing �f, the kx point corresponding to the
transition of the two leading eigenvalue branches shifts to
the left allowing the antisymmetric branch to become domi-
nant within a larger range of kx values. Conversely, as ep
decreases, the range of kx values at which the antisymmet-
ric branch dominates is restricted.

We now consider a stability analysis for the source-
wall condition when ew increases to values of 0.98. To com-
pare these results to those for the sink-wall condition (see
Figures 4–6), two cases have been selected, (�f ¼ 0.1, ep ¼
0.96, ew ¼ 0.98) and (�f ¼ 0.2, ep ¼ 0.96, ew ¼ 0.98). Fig-
ure 8 shows that for the source wall case, the growth-rate
profiles still have two branches; the first branch represents
the symmetric pattern, and the second one represents the

Figure 7. Variations of the growth rate of the leading
mode and its phase velocity with kx for differ-
ent coefficients of restitution ew = 0.6, / =
0.15, .......... ep = 0.98, ——— ep = 0.965, -----
ep = 0.96.

(a) Growth rate, and (b) phase velocity.
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antisymmetric pattern. It is important to note that the insta-
bility patterns under the source-wall conditions are very simi-
lar to those under the sink wall conditions. In fact, there are
only slight differences in the wave number values of the
transition point, and the maximum growth rates of the two
branches. Similarities in stability behavior in the two wall
conditions suggest insensitivity to ew. This can also be
observed in the eigenfunction contour plots. When we exam-
ine the solids-fraction eigenfunctions corresponding to the
dominant eigenvalues under conditions of (�f ¼ 0.1, ep ¼
0.96, ew ¼ 0.98) and (�f ¼ 0.2, ep ¼ 0.96, ew ¼ 0.98) (not
shown), we find that the contour maps of the eigenfunctions
associated with the solids fractions are almost indistinguish-
able between the sink-wall and source-wall cases (respec-
tively).

We believe the observed insensitivity of stability behavior
to ew is due to the similarity of the solids-fraction profiles of
the base states (Figures 1a and 2a). In particular, for values
of ep < 0.99, particles are always segregated in the center,
and the contribution of ew on particle profile is small. For
values of ep > 0.99, the difference between the solids-frac-
tion profiles in the sink-wall and source-wall conditions
becomes pronounced. However, in this case, the dominant
eigenvalue becomes negative (see Figure 3), and the gas-flu-
idized bed system is stable to small perturbations.

The effect of another wall parameter, the specularity coef-
ficient, is also investigated. We find both steady-state solu-
tions and instability modes are not sensitive to this parame-
ter. Since we have already shown that the instability behavior
is not sensitive to the particle-wall restitution coefficient, we
can conclude that the instability behavior in the gas-fluidized
bed we considered is not sensitive to the nature of bounda-
ries. Similar results have been obtained in granular channel
flows. Wang and Tong37 compared the instability features of
granular channel flows for adiabatic wall conditions and
sink-wall conditions. They found the instabilities were not
sensitive to the boundary conditions.

Finally, the steady-state solution is augmented with a small
perturbation to examine its spatiotemporal effect according to
ft ¼ f̂1 expðst�Þ expðkxx�Þ þ f0, where f0 is the base-state
solids fraction, and ft is the time-dependent solids fraction.
Figure 9 shows the results for a system dominated by the
antisymmetric perturbations. From time equal to zero, a
streamer-like solution forms in the center due to the instabil-
ity patterns (see the eigenfunction plot in Figure 9), and
moves upward in a ‘‘snake-like’’ fashion, oscillating to a
greater extent about the center with time. When the dominant
eigenfunctions are symmetric, the evolution of the instability
behavior is markedly different (see Figure 10). Since par-
ticles are initially segregated at the center in the base-state
condition and dominant instabilities are also observed at the
center (see the eigenfunction plot in Figure 10), a cluster-like
structure can be captured immediately. In addition, with
increasing time the low-density regions (located near the
walls in the base state) migrate to the center and coalesce to
form a compact region of low-density. At this point, alternat-
ing regions of low and high-density can be seen moving
throughout the bed. Finally, the pattern develops in a bubble-
like structure. More time is required to capture the formation
and propagation of bubble-like structures due to the solids
distribution of the base state.

From Figures 9 and 10, it can be seen that there is little to
no change in density structure in regions near the wall, and
that most of the changes are observed at the center. There-
fore, it is clear that the boundaries serve to stabilize the sys-
tem, and that instability structures develop in the center
region. In addition, the results in Figure 3 together with those
in Figures 9 and 10 provide a possibility to qualitatively
compare the simulation results with experimental measure-
ments. Experimental measurements have shown that bubbling
patterns develop in dense-fluidized beds,1 and streamer-like
patterns develop in dilute systems.1,3 Figure 3 indeed predicts
that bubble-like structures should develop in relatively dense-
fluidized beds, while streamer-like structures should develop
in relatively dilute systems. If experiments are designed for
measuring the variation of the instability structures with the
variation of the mean-solids fraction (0.05–0.5), quantitative
comparison between simulation results and experimental
work becomes possible.

The physical mechanism of instability formation and prop-
agation discussed in the previous section is examined by ana-
lyzing the governing equations term-by-term. It is well
known that the instability of fluidized beds is of an inertial
nature.14,15 Hirayama and Takaki15 reported that for an
unbounded liquid-fluidized bed, the fluid inertial term is re-
sponsible for the instability. In gas-particle beds, however,

Figure 8. Variations of the growth rate of the leading
mode, and its phase velocity with kx under
the source-wall condition, ep = 0.96, ew =
0.98, ——— / = 0.1, .......... / = 0.2.

(a) Growth rate, and (b) phase velocity.
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fluid-phase inertia is very small (and often neglected). Hence,
its inertial contribution to instability formation should be
much smaller than in liquid-fluidized beds, while the contri-
bution of solids phase inertia should be more pronounced.

For a system dominated by the antisymmetric instability
mode (�f ¼ 0.1, ep ¼ 0.96, ew ¼ 0.6), the dominant insta-
bility pattern first transitions to symmetric structures, and
then the dominant eigenvalue decreases to a negative value
when the contribution of solids inertial terms decreases.
With a decrease in the gas inertial terms, the dominant

instability pattern remains antisymmetric, and the dominant
eigenvalue remains positive.43 Calculations have also been
carried out for the case when the system instability is domi-
nated by symmetric patterns (that is, �f ¼ 0.2, ep ¼ 0.96,
ew ¼ 0.6). We find that the dominant instability pattern
transitions to antisymmetric structures when the gas inertial
terms are not considered, while a transition from the sym-
metric instability pattern to a stable pattern is observed
when the solids inertial terms are removed. Therefore, the
solids inertia plays a critical role in the instability. Without

Figure 9. Temporal evolution of the density waves with the antisymmetric dominant instability patterns where the
scale for the evolution contour plots is from 0 (white) to 0.65 (black).

ep ¼ 0.96, ew ¼ 0.6, �f ¼ 0.15, kx ¼ 2.5.
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this term, gas-fluidized beds are always stable to small per-
turbations. Similar results were also obtained from the work
of Wang and Tong.37 They found in a granular channel
flow driven by gravity that the dominant eigenvalue monot-
onically decreases with a decrease in the solid-phase inertial
term. The contribution of the gas inertial terms on the ori-
gin of the instability is less important. The fluidized-bed
system may still lose stability to small disturbances when
this term is absent. When the system becomes unstable the
solids inertia and gas inertia have different effects on the

development of instabilities. The development of the sym-
metric patterns is mainly due to the contribution of the gas
inertial terms, while the development of the antisymmetric
patterns is mainly due to the contribution of the solid-phase
inertial terms.43 Without the gas inertia term, only antisym-
metric structures can be observed, based on our linear sta-
bility analysis.

We have shown that the inertial terms have a significant
effect on the instability patterns. However, it is not clear
why the gas-phase inertia is significant. Therefore, a further

Figure 10. Temporal evolution of the density waves with the symmetric dominant instability patterns where the
scale for the evolution contour plots is from 0 (white) to 0.35 (black).

ep ¼ 0.985, ew ¼ 0.6, �f ¼ 0.1, kx ¼ 0.3.
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investigation of the inertial force profiles across the bed is
carried out. We define the following terms

gas x ¼ DEð1� f0Þ
�
sûx þ ikxu

0
x ûx þ ûy

du0x
dy�

�
(8)

gas y ¼ DEð1� f0Þðsûy þ ikxu
0
x ûyÞ (9)

solids x ¼ Df0

�
sv̂x þ ikxv

0
x v̂x þ v̂y

dv0x
dy�

�
(10)

solids y ¼ Df0ðsv̂y þ ikxn0x v̂yÞ (11)

Here, Eqs. 8 and 9 represent the dimensionless gas phase in-
ertial forces in the vertical (x) and lateral (y) directions,
respectively, and Eqs. 10 and 11 represent the dimensionless
solids-phase inertial forces in the x and y directions, respec-
tively. When the instability is dominated by the symmetric
patterns (see Figure 5a), the inertial forces in x are symmet-
ric between the centerline, while the profiles of the inertial
forces in y are antisymmetric (see Figure 11a). In addition,
the inertial forces in x are much larger than in y. Thus, the
velocity fluctuation is mainly in the vertical direction (see
Figure 5b). In the vertical direction, although the absolute
value of the solids-phase inertial force is larger than the gas
phase, their absolute values have the same order of magni-
tude across the bed, except in the region near the center.
This can be attributed to the gas velocity and the solids-vol-
ume fraction profiles in the base state, since a significant
increase in gas velocity is observed close to the walls where
the solids fraction is low (see Figure 2). Hence, the gas-
phase inertial force has a pronounced effect on the symmetric
instabilities. When the instability is dominated by the anti-
symmetric patterns (see Figure 6a), the inertial forces in the
vertical direction are antisymmetric, while the profiles of the
inertial forces in the lateral direction are symmetric. More-
over, the inertial forces of the gas phase are much smaller
than the solid phase. Thus, the antisymmetric instability is
dominated by the solids-phase inertial force. In addition, the
values of the solid-phase inertial force has the same order of
magnitude in both the x and y direction. Therefore, the lat-
eral fluctuation in velocity profile becomes important,
and recirculation loops can be observed in the center (see
Figure 6b).

The effect of the ‘‘energy inertia’’ term
qð3

2
rsfTÞ
qt þ

r � ð3
2
rsfTvÞ, on the instability modes is also examined.

We find that the value of the dominant eigenvalue increases
with a decrease in the contribution of this term. Thus, the
‘‘energy inertia’’ serves to stabilize the system. Similar
results have been found in granular channel flows.37

The effect of ep on the nature of the instability has previ-
ously been discussed. Since the constitutive relationships
used in this model are based largely on the use of slightly
inelastic particles, the contribution of ep will primarily
affect the dissipation term (Jcoll) in the pseudo-thermal
energy-balance equation. We find the sensitivity of the
steady-state flow structures to ep is due to a rapid increase
in the dissipation term as the system transitions from an
elastic to slightly inelastic case. If the contribution of Jcoll
is reduced, the sensitivity can be suppressed. When Jcoll is
eliminated, a ‘‘Core-Annular’’ structure is observed for

steady-state flows. This topic has been discussed in a num-
ber of articles.32–35,51–53 For both symmetric (�f ¼ 0.2,
ep ¼ 0.96 and ew ¼ 0.6) and anti-symmetric (�f ¼ 0.1,
ep ¼ 0.96 and ew ¼ 0.6) dominant instabilities, the maxi-
mum growth rates decrease rapidly with a decrease in the
contribution of the dissipation term.43 We find in the
energy-balance equation, if the energy dissipation term has
a relatively small value the system can remain stable to
small perturbation. The reason that energy dissipation can
initiate instabilities is because granular materials can spon-
taneously generate clusters due to inelastic collisions.54

Assuming the particle concentration has a small increase
in a region due to a flucturation, the granular temperature
will decrease in this region than in the neighboring
regions, because the frequency of inelastic collisions is
larger in this region relative to neighboring, less dense
region, leading to more energy loss in the dense region.
This leads the particle pressure to form a gradient from
the less dense region to this dense region, causing a
migration of more particles into this region, thus, further
increasing its density and decreasing its pressure. Thus, a
dense cluster can form. When this dissipation term is
removed, the system is always stable to small perturba-
tions. Therefore, we can conclude that for the system to
lose stability one must include both the solid-phase inertial
and the granular energy-dissipation terms, otherwise the
system is stable to small perturbations.

Figure 11. Inertial force profiles, ep = 0.96, ew = 0.6. (a)
symmetric instability patterns (/ = 0.2), and
(b) antisymmetric instability patterns (/ =
0.1).
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Conclusions

In this article, a continuum approach has been used to

examine the hydrodynamic stability behavior of gas-fluidized

beds, having bounded walls, using constitutive relationships

adopted from the kinetic theory of granular flow. Steady-

state, fully developed flows are first obtained using a numeri-

cal method, based on an orthogonal collocation algorithm.

The nature of predicted instabilities of the steady-state solu-

tion are, subsequently, examined using classical methods of

linear stability theory.
For all the cases we have studied we observe that the

dominant instability has either the form of a symmetric or

antisymmetric traveling wave. An increase in solids-volume

fraction, and a decrease in particle-particle inelasticity

were both shown to suppress the wavy disturbance. With

variations in the solids fraction and the coefficient of parti-

cle-particle restitution, transitions between the two observed

instability modes were observed. In this work, we find that

computed eigenmodes are in the form of traveling waves,

which move at a speed comparable to the velocity of the

solid phase. Instability behavior in the source and sink-

wall conditions are compared. Results show that, for both

wall conditions, the leading eigenvalue profiles and domi-

nant eigenfunction contour maps are insensitive to the

physical nature of the boundary walls. This is presumably

due to the similarity of the base state solids-volume frac-

tion profiles. While we have examined a number of differ-

ent combinations of parameters and found that the domi-

nant instability pattern is a symmetric or antisymmetric

traveling wave, we cannot rule out qualitatively different

behavior for parameter combinations not considered in this

work.
The physical mechanism of unstable waveforms was inves-

tigated using a term-by-term method of analysis. We found

both the gas and solid-phase inertial terms to be primarily re-

sponsible for instability formation in gas-fluidized beds. In

particular, if the solid-phase inertial term is sufficiently

small, all eigenmodes are stable. The gas and solid-phase in-

ertial terms were shown to have markedly different effects

on the structure of the instability, that is, the development of

the symmetric pattern is due to the contribution of the gas-

phase inertial terms, while the development of the antisym-

metric patterns is due to the contribution of the solid-phase

inertial term. The inelasticity of particle-particle collisions

can also significantly impact the origin of instabilities in gas-

fluidized beds by affecting the contribution of the dissipation

term in the pseudo-thermal energy balance (Eq. 5). Specifi-

cally, decreasing particle-particle inelasticity is known to

reduce energy fluctuation dissipation, and this results in a

rapid suppression of the instability.

One of the main assumptions in linear-stability theory is

that short temporal evolution can be governed by linear insta-

bilities. It is this assumption that forms the basis of results

presented in Figures 9 and 10. More importantly, we need to

determine how these waves grow over longer duration (when

nonlinear terms dictate behavior), and whether or not the pat-

terns that develop resemble those predicted by linear theory.

These questions can be answered by a transient integration

approach. Hence, it is of interest to extend the transient work

to gas-fluidized systems to examine how density waves pre-

dicted in this analysis, will develop temporally using nonlin-

ear theory.
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